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Résumé
The trend of processor hardware evolution shows an increasing support of fine grain parallelism via
SIMD vector instruction sets and hardware threading. We move from small SIMD vectors (x86 SSE2) to
much larger vectors (x86 AVX512). In addition, all processors can handle at least two hardware threads.
For example, the Intel KNL processor (AVX512) can handle 8 double precision vector sizes per hardware
thread and up to 4 hardware threads. This provides a potential fine grain parallelism of degree 32, which
becomes twice larger for single precision floating point arithmetic calculation. Also, the new ARM SVE
instruction set potentially allows for hardware implementation up to 32 double precision SIMD vector
sizes per hardware thread.
In this work, we are interested in using this fine grain parallelism for the implementation of iterative
sparse linear system solvers based on Krylov subspace methods preconditioned with incomplete LU
factorizations, mainly ILU0. For these calculations, the triangular solves involved when applying the
preconditioner is a major computation kernel. Therefore, it is important to efficiently use fine grain
parallelism in these sparse triangular solutions. One possible approach, that has been used for long time,
consists in using M ULTI -C OLORING (MC) of the matrix adjacency graph which allows us to identify
independent equations in the reordered matrix that can be solved simultaneously. This computational
efficiency often comes at a cost of a numerical deterioration of the preconditioner quality that leads
to a slower convergence of the iterative solvers. However, another ordering called R EVERSE C UTHILL M C K EE (RCM) often enhances the convergence of the numerical solver but does not naturally provide
fine-grained parallelism for ILU0 calculations or the solution of sparse triangular systems. In order to
alleviate the MC numerical penalty, we propose an algorithm that performs a matrix reordering by
combining RCM ordering and MC called C OLOR RCM. The goal of the resulting ordering is to exhibit
enough fine-grained parallelism to feed the computing units (SIMD units) and eventually hardware
threading, while improving the convergence of the Krylov solver compared to the classical MC ordering.
We investigate the performance of the novel algorithm on a large set of matrices from the SuiteSparse
Matrix Collection as well as on a suite of matrices extracted from IFPEN porous media flow simulations.
The C OLOR RCM approach shows an improvement of the ILU0-B I CGS TAB convergence compared to
the MC ordering.
Mots-clés : Graph multi-coloring, Reverse Cuthill-McKee, Ordering, Incomplete factorization

1. Introduction
To be able to simulate large and complex phenomena, we need a lot of computational power. This
power is mainly related to the number of computational units that can work at the same time and the
frequency with which they are clocked. Since the 90’s with the advent of supercomputers with vector
processors, advanced techniques to vectorize intensive computations, such as Gaussian elimination,
have been intensively studied [10]. Due to the data dependencies in computations, the methods based on
Gaussian elimination approach are hard to vectorize without having a prior knowledge of the problem
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to be solved. This issue is still relevant today because modern processors are becoming more and more
sophisticated with larger and larger register sizes. The trend of processor hardware evolution shows an
increasing support of fine-grained parallelism via SIMD vector instruction sets and hardware threading.
We move from small SIMD vectors (x86 SSE2) to much larger vectors (x86 AVX512). A good strategy for
exploiting fine-grained parallelism is to group the unknowns with no direct relationship between each
other and order them first to obtain blocks of independent unknowns. This approach can be recast into
a problem of graph coloring, that is encountered in many different scientific computing applications.
In our case, the graph, referred to as the adjacency graph of the sparse matrix, is defined as follows.
Let A ∈ Rn×n be a structurally symmetric matrix, i.e., if aij ̸= 0 then aji ̸= 0 too. We can define its
adjacency graph G = {V, E}, where the vertices V = {v0 , v1 , ..., vn−1 } are associated with the matrix rows
(or columns) and there exists an edge in E between vi and vj if aij ̸= 0. Finding independent unknowns
in the linear system reduces to finding vertices in G that are not connected and changing the ordering
of the vertices of G translates into applying a symmetric permutation to A. Preprocessing the system
by applying a reordering method can bring many advantages, like robustness of the preconditioner or
enabling parallelism in the computation. So, instead of solving :
(1)

Ax = y
we rather solve
PAPT z = Py,

x = PT z

(2)

where P is a permutation matrix associated with the chosen reordering, so that PAPT exhibits better
structure for the parallelism and its incomplete factorization will be more stable than the one applied
directly to A. Reordering techniques are widely used in numerical linear algebra, both for direct and
iterative solvers. In particular, to find fine-grained parallelism, graph coloring methods are commonly
used. The main challenge of the parallelization of the preconditioned Krylov solver is that the preconditioners are sensitive to the ordering equations. Before trying to parallelize the computations, we must
make sure that our methods do not deteriorate the convergence of the solver. For this reason, we focus
in this work on the effect of multi-coloring methods on the numerical convergence of the Krylov solver,
and we propose a multi-coloring (MC) method based on the RCM approach which improves the numerical convergence of the Krylov solver preconditioned with ILU0. The rest of the paper is organized as
follows : Section 2 presents a state of art of the ordering techniques and their effect on incomplete factorization. The first two parts of Section 3 are devoted to the two orderings on which our work is based,
RCM and MC. In the last part of Section 3 we describe our graph color algorithm called C OLOR RCM.
Section 4 contains the numerical results and we discuss the impact of C OLOR RCM in the convergence
of the iterative solver.
2. Related work
Originally, the ordering methods were mainly studied in the context of sparse factorizations for direct
methods since it is a way to reduce the fill-in that appears in the triangular factors. Ordering methods
like C UTHILL -M C K EE (CM) [6] and R EVERSE C UTHILL -M C K EE (RCM) [13], Sloan [19] or Gibbs-PooleStockmeyer (GPS) [14] are known for their ability to reduce the bandwidth and the profile of the computed factors. Other methods like M INIMUM D EGREE (MD), N ESTED D ISSECTION (ND) or Red-Black (a
graph multi-coloring method with two colors), which are efficient in minimizing the fill-in in the exact
factorization of matrices, have also been widely analyzed. The impact of the orderings in the preconditioned subspace method was first studied in [11] for symmetric positive definite (SPD) matrices. The
authors reported that the use of orderings like MD, ND or Red-Black for an incomplete Cholesky factorization without fill-in (IC0) sometimes strongly degrades the convergence of the Conjugate Gradient
solver (CG). According to [11] observation, RCM is the ordering that degrades the least, and sometimes
it is even better than the original order of the matrix. In many studies for non SPD cases, RCM is often
the ordering that improves the most the convergence of the Krylov solver [2, 3, 5, 17]. The authors in
[3] recommend it as the default ordering with an ILU if we do not have any a prior knowledge of the
problem to be solved. However, RCM does not provide naturally a parallelism for the computation of
the ILU. The effect of multi-coloring methods on iterative solvers for structured grid methods has been
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widely studied since the study in [11] which points out the link between the convergence of the Conjugate Gradient solver preconditioned with IC0 (IC0-CG) and the degree of parallelism. It seems that the
more parallelism we have, the more we degrade the convergence of the solver [11]. Many reasons may
explain this degradation, or even the failure of convergence. In particular, the instability of the factors,
which could be caused by too small pivots or ill-conditioned factors, or simply when there have been
too many value drops during the incomplete factorization. The first two points are often symptomatic of
non-diagonal dominant matrices. For more details, we refer the readers to [1, 5, 3]. However, in the case
of ILU0 or IC0 preconditioning, a good degree of parallelism can be achieved through MC methods. In
the MC methods, groups of vertices that are not connected by an edge can be assigned the same color,
and the vertices of the same color can be scheduled to be solved simultaneously. In a similar fashion,
orderings such as L EVEL S CHEDULING or ND [12] are used to find vertices or sets of vertices that may
be factorized in parallel. The idea of L EVEL S CHEDULING is to identify vertices that do not have any incoming edges and place them together at the same level. Those vertices can be factorized concurrently.
In some case, MC provides a higher degree of parallelism than L EVEL S CHEDULING. More recently, a
novel approach to compute the ILU has demonstrated a fine-grained parallelism [4]. Their method is
an approximation of the factors L and U by solving in "sweeps" a system of nonlinear equations for
each nonzero element. The authors have shown that their method needs a few sweeps to provide an efficient ILU preconditioner. Lastly, [16] proposed the Algebraic Block Multi Coloring (BMC) method for
multi-threaded parallelization of triangular resolution in IC0-CG. In [15] the Hierarchical Block Multi
Color method for SIMD parallelization of the triangular solver in IC0-CG showed better numerical performance than BMC while both methods are equivalent. However, the Hierarchical Block Multi Color
method still strongly degrades the convergence of the IC0-CG solver. Very few algorithms have been
developed allowing fine-grained parallelization of computations with MC while providing a numerically efficient ILU factorization like RCM. Although the effects of orderings on Krylov iterative solvers
have been widely studied, most of the related work has been done on IC0-CG solver. The motivations
sustaining this work are to reduce the negative impact of the MC methods on the number of iterations
of the ILU0-B I CGS TAB solver while providing enough fine-grained SIMD parallelism.
3. The orderings
3.1. Greedy multi-color graph ordering : MC
The idea of graph coloring is an assignment of colors to the vertices of the graph G , such that no two
adjacent vertices have the same color. The consequence is that the matrix resulting from the multi-color
ordering will have diagonal blocks which are diagonal sub-matrices. The diagonal blocks represent the
color classes, which are computed as follows :
1. Cj = {v ∈ V | color(v) = j}, where color(v) = min(c ≥ 0 | c ̸= color(u), ∀u ∈ Adj(v))
In other words, finding a coloration of G is finding a partition {C0 , C1 , ..., Cncolor−1 } of V, such that the
vertices of each Cl are independent from each other. Usually the graph coloring problem try to find
the chromatic number χ(G), i.e, the minimum number of colors. The problem of finding χ(G) may not
guarantee the balance of color, and usually there is a strong imbalance between the first and the last
colors (see Figure 1c).
3.2. R EVERSE C UTHILL -M C K EE(RCM)
Incomplete factorization is sensitive to the ordering of the unknowns. RCM is referenced as one of the
orderings that can provide a better preconditioner [13]. The RCM algorithm can be described as follows :
1. Choose an initial vertex u as the pseudo-peripheral node of the graph G. R = L0 = {u}
2. For i = 1 : nlevel
Li = Adj(Li−1 )\R and sort the elements of Li in ascending order of their degree.
S
R = R Li .
3. Reverse the order of the vertices in R.
Then the set Li is just connected with Li−1 and Li+1 . Therefore, the matrix coming from the RCM ordering will be a block-tridiagonal matrix, but the blocks do not necessarily have a particular structure.
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3.3. New multi-coloring : C OLOR RCM
The aim now is to find a particular coloring of the graph that follows the RCM ordering. If we compute
the coloring of the vertices in each set Li , we will get a permuted matrix with block-tridiagonals and
diagonal sub-matrices inside the diagonal blocks. We call this ordering the C OLOR RCM. The order
provided by the graph coloring often affects the numerical convergence of the solver negatively. The
coloring of the vertices in the Li sets cannot be performed randomly. Thus, the graph coloring will
follow the RCM order to assign colors to the vertices. The C OLOR RCM algorithm can be described as
follows :
nlevel
S
Li from RCM.
1. Compute the level-set L =
0=i

2. Compute Ci,j = {v ∈ Li | color(v) = j}, 0 ≤ i < nlevel, T
where color(v) = min(c ≥ 0 | c ̸= color(u), ∀u ∈ Adj(v) Li )
Ci,j is the color class j of the level i, i.e., the set of vertices in level i with the same color. This algorithm
gives the structure shown in Figure 1d.
3.4. Graph coloring with restricted the size of color class
We want to use C OLOR RCM to vectorize the incomplete factorization computations and also the triangular resolution in the solver. The approach of simply minimizing the number of colors is commonly
used to achieve fine-grained parallelism. This results in a large color size, i.e., many vertices in the colors, but with the disadvantage that often the last colors are very small compared to the first ones (Figure
1c). Furthermore, we need a degree of parallelism that corresponds to a multiple of the size of the SIMD
units. The degree of parallelism is the number of operations that can be computed simultaneously by a
processor during the parallel execution of an application. So, we need vectors of SIMD units size with independent elements from each other. To do this, a standard trick is to define a maximum color size, i.e., a
maximum number of vertices that a color class cannot exceed. So, the graph coloring C OLOR RCM with
the restricted color size, denoted C OLOR RCM(p), can be described as follows :
1. Compute the level-set L =

nlevel
S

Li from RCM.

0=i

2. Compute Ci,j = {v ∈ Li | j = color(v) and |Ci,j | ≤ p},

0 ≤ i < nlevel and p ∈ N

Where p is the maximum number of vertices in the set Ci,j , i.e., the size of color. The idea is simply to
try to minimize the number of colors, but once a color class reaches the maximum number of vertices
p set by the user, we switch to another color. This will have the effect of significantly increasing the
number of colors. For our goal of reducing the deterioration of the convergence of the solver introduced
by multi-coloring, increasing the number of colors is rather beneficial. Indeed, it increases the global
dependence of the Gauss elimination [8] because the colors are dependent on each other. Figure 1d
illustrates an example of a sparse matrix pattern which is ordered with C OLOR RCM(4) and a color size
sets to 4 vertices. The same approach was applied with MC, noted MC(p). It is represented in the Figure
1e, MC(4).
4. Experimental results
In this section, we study the numerical convergence of the ILU0-B I CGS TAB iterative method. For more
information on the preconditioned B I CGS TAB algorithm, we refer the readers to the following papers
[18, 21, 22]. The solver was run with the following parameters : a tolerance error of 10E-4 and a maximum number of iterations set to 500. For this experimental work, we used 227 matrices structurally
symmetric with one strongly connected component from the SuiteSparse Matrix Collection [7] and 124
matrices from different time steps of IFPEN’s porous media flow simulator with SPE10 model 2 [20]
thus providing a total of 351 matrices. The solutions of the problems were performed sequentially in
order to observe the effect of the ordering on the convergence of the solver. To visualize the results,
we used the performance profile tool [9]. This tool allows to have a general classification of the performances of the different algorithms tested on a given set of problems. The idea is to calculate for a
given test the ratio between the iterations of each algorithm compared to the smallest iteration (called
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the performance ratio of the number of iterations). This gives us the percentage of tests for each algorithm performance ratio. For example, in Figure 2a, the point (1 ; 0.55) on the RCM plot means that in
55% of the tests, RCM has reached the minimum number of iterations compared to other algorithms.
In contrast, the point (1 ; 0.22) on MC plot indicates that it is only in 22% of the cases that MC has reached the minimum number of iterations. Thus, the Figures 2a and 2b can be understood as follows : the
smaller the performance ratio of an algorithm, the higher the proportion of problems solved are, and the
better the performance of the method is. The performance profile allows us to compare the preconditioned solver ILU0-B I CGS TAB with Initial Order (without ordering), RCM, C OLOR RCM(8), MC(8) and
MC orderings in terms of their number of iterations over the set of test cases. C OLOR RCM(8), MC(8)
and MC refer respectively to the coloring combined with RCM with a maximum number of 8 vertices
per color, to the classical M ULTI -C OLORING with a maximum number of 8 vertices per color and to the
classical M ULTI -C OLORING without any restriction of the number of vertices per color. We test for k =
8, which corresponds to the maximum capacity of a cache line for double precision values.
4.1. Effect of orderings
We compare the algorithms between them according to their performance ratio of their number of iterations. We can see in Figure 2a that ordering the matrix with RCM before solving the problem with
ILU0-B I CGS TAB allows in more than 90% of the cases to converge faster than with the initial ordering
of the matrix. However, C OLOR RCM(8) is also, in more than 70% of the cases, more efficient than the
initial order. In contrast, MC is the one that most strongly degrades the convergence of the solver. Although MC(8) is slightly better than MC but still performs worse than C OLOR RCM(8), Figure 2a. With
very small colors, like p=8, the matrix resulting from the permutation with MC(8) will be structurally
close to the initial structure of the matrix. Thus, the preconditioner ILU0 with MC(8) will be slightly closer to ILU0 with initial order compared to ILU0 with MC without limit. This explains the improvement
of the solver performance for MC(8) compared to MC. This degradation phenomenon will be more pronounced if the initial order is already a "good" order. In Figure 2b, the initial order of SPE10 coming from
the IFPEN simulator already has a certain preferential order. We can see that RCM is not performing
better than the initial order of the matrices. It even seems to be the ordering which most degrades the
convergence of the solver after MC. Also, MC(8) has almost the same performance as RCM. However,
even if the gap is not as large as in Figure 2a, in Figure 2b C OLOR RCM(8) seems to perform better than
the other orderings. For example, with a performance ratio of roughly 1.3, i.e. if we accept a degradation
of the number of iterations of approximately 1.3 times more than the minimum number of iterations for
C OLOR RCM(8), then we observe that in almost 95% of the tests, C OLOR RCM(8) is better than all other
orderings. In contrast, MC, with its large color size, totally breaks the initial ordering and we can see
that it has the worst performance. Finally, C OLOR RCM achieves the goals of our work by mitigating the
negative impact of graph coloring on the solver convergence while providing a fine-grained parallelism
for SIMD solver parallelization.
5. Conclusion
The aim of this work was to have an ordering that provides enough fine-grain parallelism for SIMD
computational units while improving the numerical convergence of the solver compared to the MC ordering. Based on published studies on the effect of ordering on the convergence of Krylov type methods,
the majority of them indicate that RCM often brings the best performance regarding the number of iterations. On the other hand, MC type algorithms tend to degrade the convergence of the solver compared
to the natural order. Our results with B I CGS TAB preconditioned with ILU0 also go in this direction.
The C OLOR RCM algorithm presented in Section 3.3 combines the RCM approach with MC and a parameter for the maximum color size. Bounding the size of the colors increases the number of colors,
but C OLOR RCM often improves the numerical convergence of the solver compared to MC. Even if
RCM remains the best ordering, C OLOR RCM has the advantage to bring a particular structure to the
matrix allowing to exploit a fine grain parallelism for SIMD type computing units. In a future work, we
will use C OLOR RCM ordering for ILU0 factorization and solving sparse triangular systems with AVX2
or AVX512. Moreover, the C OLOR RCM method as introduced in Section 3.3 can be partially parallelized. The computation of the RCM level-set is intrinsically sequential but the second step, the coloring
of the vertices, can be done in parallel.
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A. Figures

(b)

(c)

(d)

(e)

(a)

F IGURE 1 – Representation of the cage5 matrix sparse profile. The blue bullets are the non-zero elements. The dark lines define
the RCM levels, the red blocks illustrate the color classes and the dashed lines define the color blocks. (1a) initial
ordering. (1b) RCM ordering, 7 levels. (1c) MC ordering, 7 colors. (1d) C OLOR RCM(4), 7 levels, 16 colors. (1e)
MC(4) ordering, 10 colors.
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B. Experimental Results

(a)

(b)

F IGURE 2 – Comparison of the evolution of the performance ratio of the number of iterations from ILU0-B I CGS TAB for
different orderings. Figure (2a) over the 227 matrices the SuiteSparse Matrix Collection. Figure (2b) over 124
matrices from IFPEN’s porous media flow simulator.
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